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Bound state and persistent currents in the presence of torsion and Rashba spin-orbit
coupling
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1TIFR Centre for Interdisciplinary Sciences, Hyderabad 500075, India∗
We study a model of an electron on a cylindrical surface, which is coupled to the torsion field
due to a dislocation along the axis of the cylinder. We discuss the effect of this torsion field on
the energy spectrum of the electrons and analytically calculate persistent currents in the presence
of Rashba spin-orbit coupling. We also analyze bound state energy spectra in presence of Rashba
spin-orbit interaction. Our results show that the presence of the torsional field due to the dislocation
significantly modifies the energy spectrum of the system. The dislocation induced persistent spin
current in this system is calculated, and we find a correspondence between the dislocation mediated
spin current and the azimuthal spin current.
The effect of spin-orbit(SO) coupling on electrons has
been studied in several contexts such as spintronics, mag-
netoconductance, mesoscopic ring and quantum spin hall
effect1,2,3,4,5,6. SO couples the spin degree of freedom of
an electron to its orbital motion, thereby giving rise to
a useful way to manipulate and control the electron spin
by an external field. In semiconductor based nanostruc-
tures, the Rashba SO coupling arises due to the struc-
tural asymmetry of the host crystal7. The quantum con-
finement of electrons in a ring using SO coupling helps us
understand many important quantum effects of electrons.
In recent times, SO coupling has been extensively stud-
ied in a quantum ring for understanding various quan-
tum interference phenomena such as the existence of per-
sistent currents, Aharonov-Bohm effect, spin relaxation,
etc3,5,8. Such effects have potential application in the
fields of quantum computation and quantum informa-
tion.
Although, most theoretical studies are based on the
one dimensional quantum ring, the two dimensional
model has also been investigated9,10. The behaviour of a
quantum particle confined within a curved surface is sig-
nificantly different from that on a flat surface. Due to the
confinement, the excitation energy normal to the surface
is considerable higher than in the tangential direction.
One can write down the effective Hamiltonian that in-
volves the curvature-induced scalar potential11,12. The
effect of curvature has been studied in the context of con-
densed matter13,14,15,16,17, owing to the recent progress
in nanotechnology that has made possible the production
of curved two dimensional layers of several geometries
and shapes18,19,20. In addition to surface curvature, ge-
ometric torsion is another important parameter that has
influence on the low dimensional quantum mechanical
properties of a particle21,22,30.
The correspondence between the theory of defects in
solids and three dimensional gravity is well established23.
The relevance of torsion and the symmetry of the stress
tensor in a solid was noticed by Cartan24. Since then the
Riemann-Cartan geometry in a solid has been of growing
interest for condensed matter physicists. In the contin-
uum limit, the solid is described by the Riemann-Cartan
manifold where the Burgers vector of a dislocation is as-
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FIG. 1: Electrons are confined on cylindrical surface of
radius ρ0, enclosing a screw dislocation along its axis.
The dislocation is characterized by a Burgers vector ~b.
sociated with the torsion present, and the Frank angle
of disclination corresponds to the curvature. When an
object traverses a loop in real space, it is rotated if there
is non zero curvature and translated if there is non zero
torsion. The phase shift due to torsion in the presence
of dislocation may give rise to a novel class of persistent
currents that can flow along the dislocation line. Quan-
titative discussion on the torsional effect on the energy
spectrum and persistent current is important from both
theoretical and practical points of view.
In this contribution, we examine the modification of
the energy spectrum of a cylindrical wire in the presence
of Rashba spin-orbit coupling and the torsional field of
a single topological defect. We specifically consider a
screw dislocation and confine the electrons to a cylindri-
cal surface enclosing it. The non-trivial topology created
by the defect breaks the degeneracies in the energy spec-
trum which would otherwise be present. We calculate
the torsion induced persistent current and find its corre-
spondence with the surface current.
We now describe our model in detail. We consider a
single screw dislocation, characterized by a Burgers vec-
tor b. This produces a strain field which, to first order, is
uij = ∂iuj+∂jui, where ui is the displacement of a lattice
point from its position in the defect-free medium. The
metric of the deformed system is given by gij = δij +uij.
The Hamiltonian for the propagation of a free-electron
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2in this space is pig
ijpj/2m where p is the momentum
operator, m the mass of an electron and gij the inverse
of gij .
The description of the spin-orbit coupling in the pres-
ence of defects is more complicated since it is sensitive
to the local torsion and the curvature of the space. How-
ever we can define a locally flat, xa(a = 1, 2, ..., d) frame
to our manifold at all points excluding the dislocation.
The components of the matrix eai, for the transformation
from the coordinate xi, is defined over the whole manifold
where eai =
∂xa
∂xi . The components e
a
i are the tetrad and
contains information about the dislocation via the line-
integral:
∫
c
eaidx
i =
∫
c
dea = −ba, where b is the magni-
tude of the Burgers vector enclosed within the curve c. In
a lattice system, eai defined on each lattice site encodes
the local bond stretching and the local orbital orienta-
tion of the system. The inverse of the tetrad, ea
i, is
defined through the orthogonality relation ea
ieaj = δ
i
j .
The tetrad satisfy the completeness relation: eaieb
i = δab
and are linked to the metric, gij ,through gij = ηabe
a
ie
b
j .
An electron with SO coupling propagating in a lattice
will be sensitive to the local orbital orientation. In this
case, the electron momentum is rescaled as pi → pieia25.
The screw dislocation can be understood in terms of
the Volterra process, where one starts with a perfect crys-
tal and a suitable plane inside the crystal is chosen for
an incision. The crystal on one side of the plane is then
displaced by a lattice vector (Burgers vector), and addi-
tional atoms are inserted or removed. In this way, the
crystalline order is restored everywhere except the line
of incision. The distance (ds) between two points in the
medium with infinite long screw dislocation can be writ-
ten as26
ds2 = gijdx
idxj = dρ2 + ρ2dφ2 + (dz + βdφ)2 (1)
with ρ > 0, 0 ≤ φ ≤ 2π and −∞ ≤ z ≤ ∞. The effect of
the Burgers vector enters as β = b
2pi . Correspondingly,
from eq(1), we get the inverse of metric to be given by
gij =


1 0 0
0 1 −βρ
0 −βρ β
2
+ρ2
ρ2

 (2)
and the frame field eia is
eia =


cosφ sinφ 0
− sinφρ cosφρ 0
β
ρ sinφ −βρ cosφ 1

 (3)
We begin with the 3D Hamiltonian of an electron with
Rashba spin-orbit interaction in the absence of disloca-
tions as
H±
3D =
p2
2m
± ω(pxσy − pyσx) (4)
where, σi is a Pauli matrix and ω characterizes the
strength of Rashba SO interaction. The 3D Hamilto-
nian in eq(4) can be rederived from the 3D relativistic
Dirac equation. In the 3D case, the relativistic Dirac
Hamiltonian is27
H3DDirac =
√
lsoω√
2
(
0 ~σ.~p+ i~lsoσz
~σ.~p− i~lso σz 0
)
(5)
We define the length scale for spin-orbit coupling as lso =
~
mω . The square of eq(5) exhibits block-diagonal form
H23D
~ω
− 1
2
mω2 =
(
H−
3D 0
0 H+
3D
)
(6)
Along similar lines, in the presence of a dislocation, the
relativistic Dirac Hamiltonian takes the form
H3DDirac =
√
lsoω√
2
(
0 (pie
i
aσ
a + i~lsoσz)
(pie
i
aσ
a − i~lsoσz) 0
)
(7)
This results in the Hamiltonian H−
3D to be defined as
follows
H−
3D =
1
2m
pig
ijpj + iωpie
i
a[σz, σa] (8)
describes the motion of an electron in the presence of a
dislocation and Rashba SO interaction. The metric gij
and frame field eia for screw dislocation have been spec-
ified earlier in eq(2) and eq(3) respectively. The Hamil-
tonian in eq(8) possesses time reversal symmetry, and
translational symmetry along the dislocation axis i.e. the
z-axis. We label the states in the z-direction by k, the
crystal momentum in this direction.
We introduce a circular harmonic potential V (ρ) =
1
2
mω2(ρ − ρ0)2 to confine the electrons on a cylindrical
surface of constant radius r = ρ0, where ρ0 is much larger
than the dislocation core radius and the electron’s wave-
length. We suppose that the electrons are confined to the
lowest radial band |R0〉 of the Hamiltonian
H3D(ρ) = − ~
2
2m
(∂2ρ +
1
ρ
∂ρ) + V (ρ) (9)
where the potential V (ρ) is assumed to be steep. To
construct a Hamiltonian which defines the electrons on
the cylindrical surface, we project the Hamiltonian on
the lowest radial band:
H(φ, z) = 〈R0|H−3D −K.E. |R0〉 (10)
where K.E. is the kinetic energy associated with the ra-
dial motion of the electron. By explicit calculation, it can
be shown that the matrix elements 〈R0| ρ−1 |R0〉 = ρ−10
and 〈R0|∂ρ |R0〉 = −(2ρ0)−1 where |R0〉 is the eigen-
state of lowest radial band4. Using the above identities,
the surface Hamiltonian eq(10) reduces to
H(φ, z) = − ~
2
2m
∂2z +
~
2
2mρ20
[(i∂φ − iβ∂z + mωρ0
~
σρ)
2
−(mωρ0
~
)2] (11)
3with σρ = cosφσx+sinφσy and σφ = − sinφσx+cosφσy .
In order to solve the eigenvalue equation
H(φ, z)Ψ(φ, z) = EΨ(φ, z), we choose the general
form of wavefunction Ψ(φ, z) = eiλnφeiskzξσ, where n is
the principal quantum number and λ, σ, s = ±1. λ = ±
corresponds to clockwise and anticlockwise propagating
waves. σ = ± corresponds to σz = ±. s = ± corresponds
to waves propagating along z and −z direction. ξσ is
the spinor wavefunctions. The eigenvalues of eq(11) are
En,λs,σ =
~
2
2mρ2
[(n− sλβk − λσ
2
√
1 + 4
m2ω2ρ20
~2
)2 + k2ρ20
−(mωρ0
~
)2] (12)
with n is an half odd integer.
TABLE I: Energy in unit of ~
2
2mρ2 .In the absence of
SOC and dislocation i.e. ω = 0 and β = 0, energy is
En,λs,σ =
~
2
2mρ2 (n− λσ/2) = ~
2N2
2mρ2 . In presence of SOC
and dislocation, the energy degeneracies are broken. We
have shown here only for first few energy levels. E1
denotes the first four degenerate energy levels, E2 the
second four degenerate levels, E3 the next two
degenerate levels and E4 the last two degenerate levels.
Full energy spectrum can be calculated from eq(12).
E(ω, β = 0) n λ σ s N E − k2ρ20 +Ω2(ω, β 6= 0)
0 -1/2 + - - 0 (1/2− 1/2Ω1 − βk)2
0 -1/2 - + + 0 (1/2− 1/2Ω1 − βk)2
0 1/2 + + + 0 (1/2− 1/2Ω1 − βk)2
0 1/2 - - - 0 (1/2− 1/2Ω1 − βk)2
0 -1/2 + - + 0 (1/2− 1/2Ω1 + βk)2
0 -1/2 - + - 0 (1/2− 1/2Ω1 + βk)2
0 1/2 + + - 0 (1/2− 1/2Ω1 + βk)2
0 1/2 - - + 0 (1/2− 1/2Ω1 + βk)2
1 1/2 + - + 1 (1/2 + 1/2Ω1 − βk)2
1 1/2 - + - 1 (1/2 + 1/2Ω1 − βk)2
1 1/2 - + + 1 (1/2 + 1/2Ω1 + βk)
2
1 1/2 + - - 1 (1/2 + 1/2Ω1 + βk)
2
Ω2 =
m2ω2ρ2
0
~2
,Ω1 =
√
1 + 4Ω2
In table (I), we have calculated the energies for first
few energy levels. When ω 6= 0 and β 6= 0, the en-
ergy degeneracies are broken, although maintaining two
fold degeneracy of every energy level due to time rever-
sal symmetry. The energy split is larger in the higher
energy states. In fig (2), we have shown the energy spec-
trum w.r.t ω for β = 0, k = 0 i.e. in the absence of
dislocation and k = 0-th state. From table I, the N = 0
and N = 1 becomes two different degenerate levels i.e.
E1 = E2 and E3 = E4. In fig(3) we have shown that,
these degenerate energy levels are broken in presence of
torsional field. In fig(4) and fig(5) we show the effect of a
Rashba term on the energy spectrum. In fig(4), we plot
the energy spectrum with βk in the absence of Rashba
term i.e. ω = 0. It is clear that at ω = 0, E1 = E2.
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FIG. 2: Energy diagram (En,λs,σ ) as a function of SO
interaction strength ω for β = 0, k = 0 and ρ0 = 1. The
energy in units of ~
2
2mρ2 while ω units of
~
mρ . From table
(I), for βk = 0, all the N = 0 and N = 1 energy levels
become two different degenerate level.
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FIG. 3: Energy diagram as a function of SO interaction
strength ω for βk = 1 and ρ0 = 1. The energy
degeneracies are broken depending on the strength of
βk.
This ground state degeneracy is broken for finite value of
Rashba coupling which is shown in fig(5).
The energy eigen-functions of eq(11), for the eigenval-
ues in eq(12) are
Ψn,++,+ = e
inφeikz
(
cos(θ/2)e−iφ/2
sin(θ/2)eiφ/2
)
Ψn,+−,− = e
inφe−ikz
(− sin(θ/2)e−iφ/2
cos(θ/2)eiφ/2
)
Ψn,−+,+ = e
−inφeikz
(
cos(θ/2)e−iφ/2
sin(θ/2)eiφ/2
)
Ψn,−−,− = e
−inφe−ikz
(− sin(θ/2)e−iφ/2
cos(θ/2)eiφ/2
)
(13)
with tan θ = 2mωρ0/~.
Using the time reversal operator for of spin 1/2 parti-
cle, Θ = −iKσy, it is obvious that Ψn,++,+ = ΘΨn,−−,− and
Ψn,+−,− = ΘΨ
n,−
+,+. Where K is the complex conjugation
operator and σy is the Pauli matrix.
We can calculate the persistent spin and charge current
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FIG. 4: Energy (En,λs,σ ) spectrum for lowest radial band
as a function of βk in absence of Rashba term i.e, ω = 0.
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FIG. 5: Energy (En,λs,σ ) diagram as a function of βk for
Rashba term ω = 1.
by using the ground state wave functions. The charge
current is zero since the system has time reversal sym-
metry. But still there exists a spin current. The existence
of the spin current in absence of the dislocation can be
explained as follows. We assume that the electron wave-
length is much smaller than radius of the cylinder and
electron with spin σ precesses slowly around the wire.
In presence of SO coupling, the electron spin picks up a
Berry phase due to its adiabatic motion. The spin Berry
phase for the spin up (σ =↑) electron induces clockwise
persistent spin polarized current I1. Since the system has
time reversal symmetry, the spin down(σ =↓) electron
induces anticlockwise persistent spin current I2, which
is exactly opposite of I1 . As a result, the system has
net persistent spin currents in the azimuthal direction29.
Now, in presence of a dislocation, the electron spin ac-
quire an extra phase when it is moving around a disloca-
tion line. This will induce a current along the dislocation
line.
From the definition, the charge current density is:
~J(r) = ψ†e~vψ, where e is the electronic charge and ~v is
the velocity operator. The azimuthal and z-component
velocities are
vφ =
iρ0
~
[H, φ] = − i~
mρ0
(∂φ − β∂z) + ωσρ
vz =
i
~
[H, φ] = − i~
m
∂z +
iβ~
mρ0
(∂φ − β∂z)− ωβ
ρ0
σρ
(14)
We are interested in the ground state currents in the
system. We project the velocity operator on the k = 0-
th state. The azimuthal and z-component velocities for
the k = 0-th state are
vgφ = 〈k = 0| vφ |k = 0〉 = −
i~
mρ0
∂φ − ωσρ
vgz = 〈k = 0| vz |k = 0〉 =
i~β
mρ20
∂φ +
ωβ
ρ0
σρ (15)
Using the wavefunctions in eq(13) for the ground state
, it is seen that the azimuthal and z-component charge
currents Jφ = Jz = 0.
Now, from the definitions of spin current density J i =
1
2
ψ†{~ˆv, si}ψ, where si = ~σi
2
, we will calculate the ground
state azimuthal and z-component spin currents. We
project the velocity operator on k = 0-th state as above
and using the wavefunctions in eq(13) for the ground
state, the different components of spin current are
J zφ =
~
2
4mρ0
(cos θ − 1)
J xφ =
~
2
4mρ0
sin θ cosφ− ~ω
2
cosφ
J xφ =
~
2
4mρ0
sin θ sinφ− ~ω
2
sinφ (16)
The φ dependent terms in spin currents are due to the
precession of the spin around the z axis. The dislocation
associated spin currents J iz are
J zz =
~
2β
4mρ20
(1− cos θ)
J xz = −
β~2
4mρ20
sin θ cosφ+
ωβ~
2ρ0
cosφ
J yz = −
β~2
4mρ20
sin θ sinφ+
ωβ~
2ρ0
sinφ (17)
The ground state spin currents will be zero if cos θ = 1
i.e. when spin-orbit coupling are absent (ω = 0). The
z-componet spin current is zero for β = 0 i.e. in absence
of dislocation. From eq(16) and eq(17) it is clear that
J iz = − βρ0J iφ. Thus, the dislocation induced current in
this system are proportional to the azimuthal current.
From the eq(17), it is clear that the dislocation mediated
spin currents depend only on the Burgers vector of the
dislocation. This implies that our result is also true for
other kinds of dislocation like edge, mixed etc.
In conclusion, we have discussed the effects of a tor-
sional field on the energy spectrum on a cylindrical sur-
5face. We find the correspondence between dislocation
mediated spin currents and azimuthal spin currents in
the system. Despite the conceptual simplicity, the tor-
sional effect has a significant role in the modification of
the surface electronic structure on the 2d curved sur-
face. The most important observation is the presence of a
persistent spin current without an accompanying charge
current. It is the spin Berry phase due to the SO inter-
action that causes the finite spin current in the system.
The quantum phase shift of an electron in the presence of
dislocation induces a spin current along the dislocation
line. The dislocation mediated spin current may be used
as a probe for persistent spin current.
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